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by 

Ao Go Evans, D. Be Marshall and N. H. Burlingame 

Materials and Molecular Research Division, Lawrence Berkeley Laboratory 
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ABSTRACT 

The origin of transformation toughening in ceramics is examined using 

two separate approaches: one based on the stress field ahead of the crack 

and the other on the changes in thermodynamic potential during a crack 

increment. Both approaches yield essentially similar predictions of trends 

in toughness with particle size, temperature, composition, etc. The stress 

intensity analysis provides fully quantitative predictions of the toughness. 

These indicate that the shielding of the crack by the transformation zone 

only develops in the presence of a transformed wake, leading to R-curve 

behavior. 

This work was supported by the Director, Office of Energy Research, 
Office of Basic Energy Sciences, Materials Science Division of the 
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1. INTRODUCTION 

The enhancement of toughness in ceramics achieved through the con­

trolled use of martensitic transformation mechanisms has emerged as a 

major research interest1-9, with considerable pra~tica1 potential. The 

development of toughness requires relatively stringent control of compo­

sition and microstructure3' 4' 6' 9• An ability to interpret and predict 

the microstructure/composition that provides the optimum toughness is 

thus an important aspect of the development and control of toughened 

materials. This capability must be based on a micromechanics model 

that contains the correct physical characteristics of the toughening 

process. The presently available models provide, in some instances, 

conflicting predictions of the role of microstructure and temperature 

on the toughness6' 7' 9• The intent of this paper is to provide 

physically consistent analyses of toughening, based on the best 

available knowledge of the mechanisms involved in the development of 

toughness. 

Toughening occurs through the development of a zone of transformed 

material ('process zone') around the crack tip (fig. la). This process 

zone is a source of stress and displacement disturbance that tends to 

shield the crack tip from the applied stress, in a manner analagous 

to a plastic zone. The toughening is thus related to the dimensions of 

the process zone and the amplitude of the disturbance, through a crack 

extension criterion, The mechanics associated with the crack tip 

stresses and the crack surface displacements are the basis of pertinent 

crack extension criteria. 
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Alternatively, fracture can be analysed by examining the energy 

changes that acco]llpany crack ex tens ion. This approach contains inherent 

uncertainties associated with the modes of energy dissipation. But, the 

energy analysis, upon comparision with the mechanics analysis, may provide 

some useful additional insights into the mechanism of toughening. 

An essential aspect of the toughening magnitude is the dimension of 

the transformation zone. The prediction of this zone dimension is a complex 

problem. The analysis should be based upon a critical stress amplitude 

(p~.) for transformation (analagous to a critical shear stress condition 
~ 1J c 
for estimating the plastic zone size and shape). However, independent ex-

perimental estimates of ~~.) (c.f. the yield strength for plasticity) are 
~ lJ c 

difficult to obtain and hence, are not yet available. The results obtained 

from a simplified analysis, based upon the interaction energy for an iso­

lated particle in a uniform stress field6 ·~ will be discussed. 

2. TOUGHNESS/ZONE SIZE RELATIONS 

The influence of a transformation zone on the fracture toughness re­

sides in the modified stress field or crack opening displacement induced 

by the zone. The modified stress field for a stressjstrain behavior typical 

of transformation (figo lb) exhibits the characteristics depicted in fig. lc. 

There is a reduction in the near tip field characterized by a local value of 

the stress intensity factor, Kiocal; the remote field (for a small transfer-

mation zone) is dictated by the applied stress intensity factor, 
co 

Kr ; and 

there is an intermediate region of relatively invariant stress, with a mag­

nitude determined by the transformation strain. Fracture is determined by 

either the local or the intermediate stress field, as dictated by the 
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specific crack extension mechanism" Fracture in most ceramics (those 

that are not subject to microcracking) is generally considered to occur 

by the direct advance of the crack tip10 • This mechanism is assumed in 

the present analysis. Whereupon. the increment in toughness can be deduced 

directly from the change in K}ocal induced by the transformation zone. 

However. situations in which fracture initiates in the intermediate zone 

should not be discounted. 

A convenient procedure for calculating the stress intensity factor 
,, 

change induced by a process zone is illustrated in fig. 2ao The process 
T* zone is allowed to undergo an unconstrained transformation strain. e 

A stress a~. is then applied to the zone to restore it to its original 
1J 

dimensionso Equal and opposite tractions 

w w T. = n.a .. 
J 1 lJ 

(1) 

where n; is the boundary normal. are then applied to the zone boundary 

to achieve stress continuity in the systemo These tractions induce a 

change in stress intensity. characterised by the stress intensity factor 11 

2V21T(l-\J) 
h dS (2) 

where dS is an element of the zone boundary and h is a weight functiono 

Referring to the axes x1 and x2 and the coordinates (r,~ depicted in 

fig. lb, the following relations pertain; 

TvJ :;:: a hi HI 
2 12 COS T 



hl = cos(8/2) 
-rr 

1/f 
h _ sin (8/2) 
2 -
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[2\J-l +sin (8/2) sin (38/2)]} 

[2-2\J - cos(8/2) cos(38/2)] 
(r<<a) 

( 3) 

where~ relates the zone surface normal to the reference axis (fig 2b). 

Initially~ the only macroscopic particle transformation strain is 

considered to be the dilational component eT The zone restoring 

stress is then a uniform hydrostatic compression p , independent of 

zone shape, particle orientation, shape~ etc. The change in stress in­

tensity determined (in accord with the above procedure) from the trans-

formation volume strain is found to be a function of the zone geometry 

selected for the analysis 12 . Specifically, zones contained ahead of the 

crack tip (fig. 3a) do not generally result in a signficant reduction in the 

the local stress intensity; whereas, zones that extend over the crack sur-

face (fig. 3b) provide substantial crack shielding. The transformed wake 

thus appears to be the predominant source of toughening. Most toughness 

measurements pertain to cracks which, upon introduction into the system, 

create a continuous zone over the crack surface (fig. 3b), and the full 

toughening should thus be experienced. However, when a prior zone over 

the crack does not exist, crack growth should be characterized by an R-

curve, as schematicallv illtJ<;trated in fig. 3c. This issue is discussed 

more extensively in the Appendix. 

These toughness characteristics are demonstrated by conducting calcu-

lations of the local stress intensity for two zone profiles: one fully 

contained ahead of the crack (fig. 3a), and the other of uniform width 

extending fully over the crack surface (figo 3b). Firstly, consider a 

zone contour suggested by the dilational crack tip field (fig" 3a); 
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(4) 

where r*, the zone dimension ate= 0, is a function of the applied stress 

intensity factor, 

* = 2 ( 1 +v )2 
r 9n 

(

KpooA: )

2 

( 5) 

Noting the following relations 

cos 

sin 

the stress 

dS = (/ h/2) [l + cos e J 112 de 

~ "' [cos e + cos 2eJ/-V2 (1 + cos 8) 1/2 

~ :::: [sin e + sin 2eJj-v2 (1 + cos e)l/2 

intensity change becomes; 

_ __:.l __ +J[(sin e +sin 2e)(4-4v- cos e- cos 28) tan(8/2) 
8\j&'( 1-v) 

-'rr 
+ (cos e+ cos 2e) (4v- 2+ cos e - cos 2e)] de 

"" 0 (6) 

The absence of crack tip shielding is thus manifest for this zone profile, 

Secondly, consider a transformation zone of uniform width r0t. The 

crack is subject to a uniform compression p due to restoration of the 

zone to its initial (pre-transformation) shape, and to tractions, -p , acting 

at the zone boundary (fig. 3b) that establish stress continuity. The chan(Je 

i'n stress intensity factor attributed to the application of these forces, 

obtained by employing the requisite point force functions. is given by12 ; 

TThe zone width r
0 

is related to the zone dimension ahead of the crack r*, 
by r

0 
= (/3/2) 2r*. 



- lol3 + 0•28 + 0.094 (l+4~) 
(1~ (1-~} 

(7) 

where the first term derives from the uniform compression, the second term 

from the tractions over the zone surface (up to the crack tip) and the third 

term from the tractions from the zone ahead of the crackt. For a typical 

value of Poisson's ratio, ~ = l/4, eqn. (7) becomes 

- 0, 51 (g) 

The negative character of 6Ki confirms that the zone induces crack shielrl­

ingc 

It now remains to determine the magnitude of the traction p • in 

order to deduce the toughening induced by the transformation zone. For 

plane strain conditions, p is related to the volume strain and the 

concentration of particles in the zone; 

p = K ti vvf 

where 6V is the unconstrained transformation volume strain of an inrliviriual 

particle, Vf is the volume concentration of particles and K is the average 

bulk modulus. The change in stress intensity factor thus becomes, 

T 

1 [ 0.28 (l+4v)] 3 (1_ 2~) . - L 13 + TI -\!} + 0" 094 {l~ ( 1 0) 

is result exhibits s9~e dependence on the precise shape selected for the 
zone ahead of the crack • The shape used to obtain eqn. (7) was determined 
by assuming a constant zone radius. r0 , ahead of the crack. 
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which for ~ = 1/4 becomes; 

( 11) 

Fracture is assumed to proceed when the local stress intensity factor 

attains the fracture resistance of the ~re-transformed materialt, K~c 
(a quantity that depends upon the volu~e fraction of particles); 

Klocal 
I -

( 12) 

The level of the applied stress intensity factor at the criticality is 

thus, 

00 

(13) 

An analagous treatment of the influence of the macroscopic transforma­

tion shear strain is substantially more complex, because of the vector 

nature of the shear strain, i.eo the particle shape and orientation distri­

butions become important considerations. Each analysis thus requires specific 

information about the particles and the transformation morphologies. Such 

analyses are evidently of merit only for materials in which the dilational 

transformation strain does not afford the principal contribution to the 

toughening. 

The relative influence of the volume strain and the shear strain can 

be conveniently estimated by comparing the predictions derived from eqn. (13) 

.. with experimental resultso Suitable results exist for the MgO/PSZ studied 

toughening described in this section is relative to the toughness 
of the averaged material, which contains the influence of local interactions 
between the transformed particles and the crack, e.g. crack deflection effects. 



by Porter and Heuer4 and by Schoenlein13 . The appropriate measurements 

are: r0 ~0.6JJm, 6V~0.0583 , E-2x1011 Pa, Vf-0.3. Thetoughness 
oo M 

ratio is thus predicted from eqn. (13) to be, krc1Krc = 1.4 ± 0.1. This 

compares with a measured toughening for the same material condition of 

~lo6 ± 0.2
0 

The volume strain thus appears to be the major source of 

toughening in this instanceo Further studies are evidently needed to 

establish the detailed dependence of toughness on the volume strain and 

the macroscopic shear strain. 

3.. J~~i TRANSFORMATION ZONE SIZ~. 

Prediction of the transformation zone dimension requires a detailed 

knowledge of the nucleation of the stress induced transformation. The 

specific nucleation mechanisms pertinent to ceramics, such as Zro2 

have not been identified. An upper bound solution based on the net change 

in thermodynamic potential is thus presented, and its use justified by 

comparison with zone size observations. 

Zone profile observations 14 generally indicate characteristics ex­

pected from a dilation dominated transfor~ation, i.e. a zone extendin~ 

ahead of the crack tip6, Hence, for present purposes, it is considered 

that the particles exhibit insignificant macroscopic transformation shear 

strain and that the transformation is actJvated by the hydrostatic compo­

nent of the stress. The change in thermodynamic potential upon transforma­

tion has been determined for transformations in which entropy changes 

(other than those associated with the chemical free energy change of the 

particle) are neglected7; 
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+ 0.13Eyi (1.2 + R/d)-l (14) 

where R is the particle radius~ d is the twin (variant) spacing, 6F
0 

is the chemical free energy change, rT is the twin boundary energy, 6r. 
1 

is the change in interface energy and YT is the twinning (variant) shear 

strain. If the twin boundary energy and the change in interface ener~y are 

small, the lower bound stress needed to induce transformation (6¢= 0) be-· 

comes; 

Substituting the lower bound critical stress into eqn. (5), the corresponding 

upper bound transformation zone size at the criticality becomes; 
2 

1 . . 1 

ro~-4 'IT [0.15 -6F
0

/E6V2 + O.l3(yT/6V) 2 (1.2 + R/df 1J2 ( 16) 

A comparison of eqn. (16) with transformation zone size observations in 

PSZ indicates a predicted zone size less than twice the measured value7. This 

is similar to predictions of the plastic zone size based upon the linear 

elastic approximation. The nucleation barrier does not appears therefore, 

to dominate the crack tip transformation in PSZ. The upper bound zone size 

estimate should thus be an approximation suitable for anticipating toughness 

trends. 

Toughening characteristics can be identified by inserting the zone 

width from eqn. (16) into eqn" (13) to give; 
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( 17) 
(L2 + R/dr ] 

This result is similar in general form to that found in previous studies6•7. 

The qualitative implications for effects of temperature, composition, etc. 

on the toughening are thus essentially unchanged by the present analysis. 

4. THERMODYNAMIC CONSIDERATIONS 

The toughening induced by a martensite transformation can also be 

e$timated from considerations of the changes in thermodynamic potential 

that accompany an increment in crack length6•7•9• It has already been 

demonstrated6 that, since the stress state near the crack tip remains essen-

tially unchanged during a crack increment, the net energy change associated 

with the transformation can be considered as the energy difference betweGn 

untransformed particles remote from the crack tip (subject to the remotely 

applied stress} and transformed particles placed over the crack surface 

(subject to zero stress), as illustrated in fig. 4" For this problem, 

when the particles are stress free prior to transformation, the toughness 

is given b/; 

(X) 

(. 

,~t I 

, M 
- f 
- ~} IC 

+ 

+ ELW2
r 0 Vf [0.15- 6F

0
/ E6V2 + 0,13 (YT/6V) 2 

( L 2 + R/ d)- l ] ( 18) 
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Introducing the zone size from eqn. (16) the toughness becomes 

,, M. 

l -5 IL :::: ( 1 9) 

~ 7c Il - 7;§ 
0

/ (1. 2 + R/d) 

The final result is remarkably similar to that derived from the modi­

fied crack tip stress field (eqn. 17). This may be fortuitous because in 

both instances an upper bound thermodynamic criterion for the zone dimension 

has been employed to attain the final toughening expression. Nevertheless, 

tt is of considerable interest to note that the thermodynamic result in its 

present form also anticipates the trends with zone profile identified from 

the stress tntensffi~ation analysis. Notably, a zone contained ahead of 

the crack does not produce significant toughening; the increase in toughness 

is only manifest when the zone extends over the crack surface (Appendix). 

The location of the energy changes during a crack increment are also 

of interestc The criterion selected for zone formation requires that the 

change in thermodynamic potential in the newly created zone (fig. 5) be zero. 

The increase in potential attributed to the transformation zone (to be sup­

plied by the enchanced (-£
1
) must occur, therefore, in other segments of the 

( 

zoneo The principal source of the increase in potential is the increase in 

elastic energy that occurs at particles over the crack surface, as the stress 

on the particles is released by the crack advance (fig. 5)o The change in 

potential has a magnitude comparable to the interaction energy (with the 

local stress), and must be a positive quantity because the tension on the 

particles (which reduces the elastic energy) is being reduced in this region. 
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5. PARTICLE SIZE DISTRIBUTION EFFECT 

The toughness should evidently exhibit some dependence on the particle 

size distribution, through the size dependent adjacence to the critical 

particle size Rc for stress free transformation. The problem can be 

addressed by firstly determining the zone tractions for each small particle 

stze range, R to R + dR (within the distribution. f(R)dR). deducina 

T the resultant 6K1, and then summing over all untransformed particles ~~lithin 

the distribution. This procedure yields the following relation for the 

toughening 

K~1 
IC -·--"' (20) 

The lower limit. d , is selected because it is improbable that small 
7 

particles near the crack tip will transform into a single twin (variant) . 

The upper bound is determined by the level of the remotely applied strain 

relative to the transformation strain 15 . 

eqn. (20) gives; 

M 
Krc 

1 - ::: 
IC 

Normalization of the integral in 

where R
0 

is the scale parameter and k the shape parameter for the par­

ticle size distribution and nc is the number of twins in a particle of 

critical size. Some typical results obtained by assuming an extreme value 



function for f(R)dR are plotted in fig. 6. Comparison with eqn. (17) 

indicates that the size distribution introduces an upper bound toughness. 

The level of the upper bound decreases as the variance increases. However, 

no additional variables are introduced. 

The particle size distribution is also related to the ratio A of thr. 

monoclinic phase content to the total content of Zr02 through the critical 

00 

A " [l/<R3>]R .!" R3f(R}dr {22} 

c 
There are thus unique relations between the predicted toughness and the 

monoclinic phase content for each value of the shape parameter k The 

predictions of toughness as a function of monoclinic phase content should 

be directly comparable with experimental results. 

6. CONCLUSIONS 

Analyses of transformation toughening have been presented that permit 

the interpretation of toughness results in various ceramic systems, and 

allow trends in the toughness with the important internal and external 

variables to be predicted. Preliminary comparisons between the predictions 

and results for partially stabilised zirconia indicate that the toughening 

derives primarily from the volume strain of transformation, once the trans­

formation zone dimension has been prescribedo However, the transformation 

shear strain (as manifest in the twin or variant structure of the marten­

site) could be important in determining the transformation zone dimension. 

This topic requires further studyo 
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The analyses also suggest the existence of R-curve behavior when the 

cracks in the material are not accompanied by a pre-existent transformation 

zoneo This behavior resides in the observation that crack tip shielding 

only initiates when the tranformation zone extends over the crack surface. 

The trends in toughness with the important variables predicted by the 

present analyses are similar to those anticipated by previous studies. 

Specifically, important influences of temperature, chemical composition, 

particle size distribution, matrix toughness and the transformation strain 

are predicted, in accord with experimental observations. 
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APPENDIX 

AN ESTIMATE OF R-CURVE BEHAVIOR 

The detailed characteristics of R-curves for transformation toughened 

ceramics can be determined by either of the two approaches used in this 

papero These details will be presented in a subsequent publication. An 

approximate evaluation is described here 3 in order to illustrate the range 

of crack entension over which the principal increase in crack growth resis-

tance is established. The thermodynamic approach is used for this purpose. 

Commence with an initial stress free crack without a transformation 

zoneo Application of an external loading causes a transformation zone to 

develop and the crack tip advances from A to B (figo 7a), leaving an inter-

vening wakeo The energy changes that accompany an additional increment, da , 

in crack length then relate to the value of~ IC at crack extension AB: 

(\ = ~ o + t,tiiC , where 4.·, oiC da = 2rda is the increase in surface energy, 
, I C " I C ., .1 

and ~~Icda is the increase in potential associated with the transformed 

particles. Consider the changes in potential that occur in a strip of 

width dy (fig.7bL The total potential within this strip, for unit 

specimen thickness, is 

¢(Y) = Vfdy ¢y(x)dx 
0 

(A 1 ) 

where x is the coordinate along the crack plane (fig. 7a) and ¢Y(x) is 

the potential per unit volume at x . The change in potential following 

transformation is 

(A2) 
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where 6¢
0 

is the stress free elastic energy and 6¢int is the interaction 

energy with the local stress p 0 Then, if the zone boundary is defined by 

the thermodynamic condition, 6¢ = 0, the change in ¢(y) during the crack 

advance, given by the shaded area in fig. 7b, is 

0 

6¢. t -1n 

A 
6¢. t 

ln 
(A3) 

where A 
A~ are the magnitudes of the interaction energy at u'+'i n t 

the front and rear boundaries of the transformation zone. The increase in 

crack growth resistance is then, 

A_1rc = vf J 
-ro 

In the absence of a wake, 
0 

(A4) 

A = 6¢;nt and there is no increase in 

toughnesso For a fully developed wake, A 6¢int = 0, and the maximum toughne5s 

increase pertains; 

A 

0 

6~ IC = 2Vf ro6¢int (A5) 

which is the result quoted in the text (with 6¢ = 0 at the zone boundary). 

For intermediate conditions, the trend can be estimated by computing the 

stress over the rear boundary and deducing the intoraction energy from 

A A T 
Mint = P e (A6) 
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between 1 and 2. This result is plotted in fig. 7c (for S = 2). It is 

noted that 6~IC attains an essentially invariant level when the crack 
J 

advance is about 3 to 4 times the zone height. Hence, for small zones, 

this varying crack extension resistance will have little influence upon 

the mechanical behavior of transformation toughened materials. Important 

effects will only emerge when the zone size is a significant fraction 

( ~0.1) of the crack length. 
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FIGURE CAPTIONS 

Figo lo a. A schematic of a process zone around a crack induced by 

the martensitic transformation of particles0 

b. A typical stress. strain behavior for a martensite transforma­

tion; e~. is the transformation strain, /P~·)' is the critical 
lJ v lJ c 

stress needed to induce transformation (which depends on 

particle size, etc.). Note the linearity of the stress/strain 

relation for stresses in excess of the transformation stress. 

Co The modified stress ahead of a crack tip in the presence of 

of a transformation zone. 

Fig. 2o a. The unconstrained and constrained process zones. indicating 

the tractions needed to maintain stress continuity. 

b. The coordinate system used to conduct the stress intensity 

analysis. 

Figo 3. a. A process zone contained ahead of the crack tip, with the 

hydrostatic contour. 6K for this zone is zero. 

b. A process zone contained over the crack surface. This zone 

provides crack tip shielding. 

Co A schematic of R-curve behavior for transformation toughening 

in an annealed material. 

Fig. 4. A schematic indicating that the increased crack growth resistance 

emanates from the difference in thermodynamic potential of an 

untransformed region within the applied field (remote from the 

tip) and a transformed region over the crack surface where the 

stress level is essentially zeroo 
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Fig, 5, A schematic indicating the regions of the process zone in which 

the changes in thermodynamic potential occur during a crack in­

crement. 

Fig. 6. Predictions of toughening as a function of particle size for 

several particle size distributions, 

Fig. 70 The R-curve determined by employing a thermodynamic treatment 

a. The zone characteristics. 

b. The potential change during a crack increment. 

Co The relative toughening during a crack advance. 
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